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ABSTRACT
The total amount of dust (or “metallicity”) and the dust distribution in protoplanetary disks are
crucial for planet formation. Dust grains radially drift due to gas–dust friction, and the gas is affected
by the feedback from dust grains. We investigate the effects of the feedback from dust grains on the
viscous evolution of the gas, taking into account the vertical dust settling. The feedback from the
grains pushes the gas outward. When the grains are small and the dust-to-gas mass ratio is much
smaller than unity, the radial drift velocity is reduced by the feedback effect but the gas still drifts
inward. When the grains are sufficiently large or piled-up, the feedback is so effective that forces the
gas flows outward. Although the dust feedback is affected by dust settling, we found that the 2D
approximation reasonably reproduces the vertical averaged flux of gas and dust. We also performed
the 2D two-fluid hydrodynamic simulations to examine the effect of the feedback from the grains on
the evolution of the gas disk. We show that when the feedback is effective, the gas flows outward
and the gas density at the region within ∼ 10 AU is significantly depleted. As a result, the dust-
to-gas mass ratio at the inner radii may significantly excess unity, providing the environment where
planetesimals are easily formed via, e.g., streaming instability. We also show that a simplified 1D
model well reproduces the results of the 2D two-fluid simulations, which would be useful for future
studies.
Keywords: accretion, accretion disks — protoplanetary disks — planets and satellites: formation
1. INTRODUCTION
Terrestrial planets are formed by the accumula-
tion of dust grains in protoplanetary disks (e.g.,
Youdin & Goodman 2005; Tanaka et al. 2005;
Okuzumi et al. 2012). In core-accretion scenario
(e.g., Mizuno 1980; Kanagawa & Fujimoto 2013), the
accumulation of dust grains is also critical for giant
planet formation. How dust grains evolve in protoplan-
etary disk is directly connected with planet formation.
Moreover, the evolution of dust grains may explain
ring structures in protoplanetary disk (e.g., Zhang et al.
2015; Okuzumi et al. 2016), which are observed in
several disks (e.g., ALMA Partnership et al. 2015;
Momose et al. 2015; Akiyama et al. 2015; Nomura et al.
2016; Tsukagoshi et al. 2016). The evolution of gas and
dust grains is one of the most important topics both
from theoretical and observational point of view.
Many authors have investigated evolution of dust
grains in protoplanetary disk using semi-analytical mod-
els (e.g., Youdin & Shu 2002; Dullemond & Dominik
2005; Tanaka et al. 2005; Birnstiel et al. 2012;
kazuhiro.kanagawa@usz.edu.pl
Okuzumi et al. 2012) and using two-fluid hydrodynamic
simulations (e.g., Zhu et al. 2012; Pinilla et al. 2012;
Dipierro et al. 2015; Picogna & Kley 2015; Jin et al.
2016; Rosotti et al. 2016). Dust grains radially drift due
to gas–dust friction, and disk gas feels feedback from
drifting dust grains. Most of previous studies considered
gas–dust friction only for dust grains and ignored the
dust feedback on the disk gas, because grains are not
large and the amount of them is negligible as compared
with gas. If the dust grains are highly accumulated
or the grains grows up, however, the feedback from
dust grains may not be negligible (e.g., Fu et al. 2014;
Gonzalez et al. 2015; Taki et al. 2016; Gonzalez et al.
2017; Dipierro & Laibe 2017).
The feedback from the dust grains affects gas struc-
tures. For instance, Kretke et al. (2009) showed that the
inner edge of the dead zone is oscillated by the feedback.
Taki et al. (2016) found that the pressure bump in gas is
deformed by the feedback from the dust grains trapped
in the gas bump. Recently, using two-fluid (gas and dust
grains) SPH simulations, Gonzalez et al. (2017) demon-
strated that the grains are trapped in the pressure bump
formed by the feedback. In this paper, we examine how
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the feedback influences the global evolution of the gas
disk induced by viscosity. In Section 2, we describe the
structures of gas and dust grains in steady state, consid-
ering the vertical settling of the dust grains. In Section 3,
we show the results of 2D two-fluid hydrodynamic simu-
lations and a simplified 1D model, and discuss the effects
of the dust feedback on the disk evolution and the planet
formation in Section 4. Section 5 contains our summary.
2. STRUCTURE IN STEADY STATE
2.1. Velocities of gas and dust in 2D disk
Here we consider structures of gas and dust grains in
steady state. First we ignore the vertical structures and
simply consider a 2D disk. We use the polar coordinate
(R, φ). We treat only the surface densities of the gas and
the dust, Σg and Σd, respectively, instead of densities of
the gas and dust, ρg and ρd. Kretke et al. (2009) derived
the formulae of velocities of the gas and the dust grains in
the 2D disk. Very recently Dipierro & Laibe (2017) also
derived the similar formulae. From the equations (14)
and (15) of Kretke et al. (2009), the radial and azimuthal
velocities in the case of single-sized dust grains are given
by
v2DR = −
2St′2D
St′2D
2 + 1
Σg
Σg +Σd
η2DVK
+
1
St′2D
2 + 1
Σg
Σg +Σd
V 2Dvis , (1)
v2Dφ = VK +
1
St′2D
2 + 1
Σg
Σg +Σd
η2DVK
− St
′
2D
St′2D
2 + 1
Σg
Σg +Σd
V 2Dvis , (2)
and those for the disk gas are given by
V 2DR =
2St′2D
St′2D
2 + 1
Σd
Σg +Σd
η2DVK
+
(
1− 1
St′2D
2 + 1
Σd
Σg +Σd
)
V 2Dvis , (3)
V 2Dφ = VK +
(
1
St′2D
2 + 1
Σd
Σg +Σd
− 1
)
η2DVK
+
St′2D
St′2D
2 + 1
Σg
Σg +Σd
V 2Dvis , (4)
where St′2D = Σg/(Σg + Σd)St2D. The Stokes number
of the dust grains in the 2D disk, St2D, is given by
St2D = t
2D
stopΩK, (5)
where t2Dstop is the stopping time of dust grains in the
2D disk, and ΩK =
√
GM∗/R3 is the Keplerian angular
velocity at the mid-plane, where G andM∗ is the gravity
constant and the mass of the central star, respectively.
The Keplerian rotation velocity at the mid-plane is VK =
RΩK. In the Epstein regime, the stopping time is written
by (Takeuchi & Artymowicz 2001),
tstop(R, z) =
ρpsd√
8/piρgcs
, (6)
where ρp, sd, and cs are the size and the internal density
of dust grains, and the sound speed, respectively. In
the 2D disk, using the surface density, we can write the
stopping time as
t2Dstop(R) =
piρpsd
2ΣgΩK
. (7)
The pressure gradient force is parameterized by
η2D = −1
2
(
hg
R
)2(
d lnΣg
d lnR
+
d ln c2s
d lnR
)
, (8)
and V 2Dvis is the viscous velocity of gas without dust grains
which is given by (e.g., Lynden-Bell & Pringle 1974)
V 2Dvis = −
3ν
R
d ln
(
νΣgR
1/2
)
d lnR
, (9)
where ν is the kinematic viscosity of radial diffu-
sion, given by ν = αcshg where the α-prescription
(Shakura & Sunyaev 1973) is used.
In the inviscid case (ν = 0 and thus V 2Dvis = 0), only
the first terms in RHS of equations (1)–(4) remain,
which are the same as the equations (2.11)–(2.14) of
Nakagawa et al. (1986). These terms are originated from
gas–dust friction. On the other hand, if the dust surface
density is very small (Σd → 0), the gas velocities in ra-
dial and azimuthal directions correspond to V 2DR = V
2D
vis
and V 2Dφ = (1− η2D)VK respectively.
We have employed 2D approximation, meaning that
the vertical structures of the gas and dust are similar with
each other. The gas and dust disks are assumed to have
the same scale height. However, the scale height of the
dust disk can be much smaller than that of the gas disk,
if the dust grains are settled in the mid-plane. In the
next subsection, we discuss the gas and dust velocities,
taking into account the vertical structure.
2.2. Gas and dust motions in a 3D disk
We now consider the gas and dust motions in a 3D disk.
We use the cylindrical coordinate (R,φ,z). The gas and
dust velocities are V = (VR, Vφ, Vz) and v = (vR, vφ, vz),
respectively. The equations of motions for the dust grains
are given by
∂vR
∂t
+ (v · ∇) vR −
v2φ
R
= −GM∗
R2
− vR − VR
tstop
, (10)
∂vφ
∂t
+ (v · ∇) vφ + vRvφ
R
= −vφ − Vφ
tstop
, (11)
∂vz
∂t
+ (v · ∇) vz = −GM∗
R3
z − vz − Vz
tstop
, (12)
where we assume axis-symmetric gravitational potential
Ψ = −GM∗/
√
R2 + z2, adopting R
√
1 + (z/R)
2 ≃ R.
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The equations of the motion of the gas can be written by
∂VR
∂t
+ (V · ∇)VR −
V 2φ
R
= − c
2
s
ρg
∂ρg
∂R
− GM∗
R2
+
fR
ρg
− ρd
ρg
VR − vR
tstop
, (13)
∂Vφ
∂t
+ (V · ∇)Vφ + VRVφ
R
= −fφ
ρg
− ρd
ρg
Vφ − vφ
tstop
, (14)
∂Vz
∂t
+ (V · ∇)Vz = − c
2
s
ρg
∂ρg
∂z
− GM∗
R3
z +
fz
ρg
− ρd
ρg
Vz − vz
tstop
, (15)
where fR, fφ, and fz are the viscous forces in radial, az-
imuthal, and vertical directions, respectively, which are
originated by the gas turbulence. Assuming the axisym-
metric structure, we can express the viscous forces as
fR =
2
R
∂
∂R
[
νrrρgR
(
∂VR
∂R
− 1
3
∇ ·V
)]
+
∂
∂z
[
νrzρg
(
∂Vz
∂z
+
∂VR
∂R
)]
+
νφφ
R
[
2
VR
R
− 1
3
∇ ·V
]
,
(16)
fφ =
1
R2
[
∂
∂R
(
νrφρgR
3 ∂Ωg
∂R
)
+
∂
∂z
(
νφzρgR
3 ∂Ωg
∂z
)]
,
(17)
fz =
1
R
∂
∂R
[
νrzρgR
(
∂Vz
∂R
+
∂VR
∂z
)]
+ 2
∂
∂z
[
νzzρg
(
∂Vz
∂z
− 1
3
∇ ·V
)]
,
(18)
where Ωg = Vφ/R, and νij indicates the kinetic vis-
cosity associated with the term of vivj of the Reynolds
stress. The efficiency of the turbulence may be differ-
ent in direction. Hence we distinguish each component
of νij in equations (16) – (18). In particular, νrφ and
νφz would be important, which are related with trans-
port of the angular momentum due to radial and vertical
shear motions, respectively. For simplicity, however, we
just adopt νij = ν in the following. The equations of
the motions (10) – (15) are the same as these adopted
in Nakagawa et al. (1986), excepting the terms associ-
ated with the gas viscosity. However, a parameter range
(e.g., dust-to-gas mass ratio, Stokes number of the dust
grains, etc.) which the basic equations are valid may not
be obvious. We discuss the validity of these equations in
section 4.5.
The continuity equation of the gas is given by
∂ρg
∂t
+∇ (ρgV) = 0, (19)
For the dust grains, the continuity equation is expressed
as
∂ρd
∂t
−∇ (ρdv + j) = 0, (20)
where j is the mass flux due to the turbulence of
the dust grains (e.g., Cuzzi et al. 1993; Dubrulle et al.
1995; Youdin & Lithwick 2007). From the analogy
of the molecular diffusion, assuming the axisymmet-
ric structure, we may obtain j = (jR, jφ, jz) as (e.g.,
Takeuchi & Lin 2002, 2005)
jR = ρg
νrφ
Sc
∂
∂R
(
ρd
ρg
)
, (21)
jφ = 0, (22)
jz = ρg
νφz
Sc
∂
∂z
(
ρd
ρg
)
. (23)
2.3. Gas and dust structures in steady state
Putting ∂/∂t = 0 in the equations of the motion and
the continuity equations of the gas and the dust grains
described above, we consider the structure of the gas and
the dust grains. The radial and vertical gas velocities
can be much smaller than VK and the deviation of Vφ
from VK is also small, since the gravity of the central
star dominates the gas motion. We can put fr = 0 and
fz = 0 in equations (13) and (15).
First we consider the vertical structure of the gas and
the dust grains in steady state. Neglecting small ad-
vection terms in equations (12) and (15), we obtain
vz − Vz = −St′ΩKz and dρg/dz = −(ρg + ρd)(ΩK/cs)2z,
as shown by Nakagawa et al. (1986). Assuming that
the vertical gas structure is in hydrostatic equilibrium
(Vz = 0), we obtain vz = −St′ΩKz. When ρg ≫ ρd,
moreover, the vertical structure of the gas density can
be assumed by
ρg(R, z) = ρg(R, 0) exp
(
− z
2
2h2g
)
, (24)
where hg is the scale height of the gas disk defined as
hg(R) = cs/ΩK. (25)
Note that when ρd ∼ ρg, the thickness of the gas disk
may be smaller than hg given by equation (25) because
the dust grains drag the gas as they sediment towards the
mid-plane (Nakagawa et al. 1986). Since equation (24)
underestimates the gas density in the mid-plane, we
may overestimate the effect of the dust feedback in this
case. For simplicity, however, we use equations (24)
and (25) even if ρd > ρg. The validity of this assump-
tion is discussed in section 4.5. Assuming that the ra-
dial variations of physical quantities are given by power-
law, as ρg(R, 0) ∝ Rs, cs ∝ Rq/2, the angular veloc-
ity of gas (without the dust feedback) is described by
(Takeuchi & Lin 2002)
Ωg(r, z) = ΩK
[
1 +
1
2
(
hg
R
)2(
p+ q +
q
2
z2
h2g
)]
. (26)
Hence, the deviation from ΩK is expressed as Ωg =
ΩK
√
1− 2η, where
η(R, z) = −1
2
(
hg
R
)2(
p+ q +
q
2
z2
h2g
)
. (27)
The surface density of the gas is given by
Σg(R) =
∫ ∞
−∞
ρgdz =
√
2piρg(R, 0)hg(R). (28)
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We obtain the terminal vertical velocity of the dust
grains as −St′ΩKz (Nakagawa et al. 1986). The dust
grains are settled by the terminal velocity, while the
grains diffuse due to the turbulence. At the steady
state, the dust settling is balanced with the turbulence
diffusion (Cuzzi et al. 1993; Takeuchi & Lin 2002, 2005;
Youdin & Lithwick 2007). In steady state, equation (20)
gives us
1
R
∂
∂R
[
ρdvR − ρg νrφ
Sc
∂
∂R
(
ρd
ρg
)]
+
∂
∂z
[
ρdvz − ρg νφz
Sc
∂
∂z
(
ρd
ρg
)]
= 0. (29)
Hence, we obtain
ρdvR − ρg νrφ
Sc
∂
∂R
(
ρd
ρg
)
= Fm,R, (30)
ρdvz − ρg νφz
Sc
∂
∂z
(
ρd
ρg
)
= Fm,z, (31)
where Fm,R and Fm,z are mass fluxes of the dust grains in
radial and vertical directions, respectively. Considering
the situation that the dust settling is balanced with the
diffusion, we put Fm,z = 0. Using the terminal velocity
of the dust grains, we obtain the vertical distribution of
the dust density as (Takeuchi & Lin 2002),
ρd(R, z) = ρd(R, 0) exp
[
− z
2
h2g
− Stmid
(αφz/Sc)
exp
(
z2
h2g
− 1
)]
,
(32)
where Stmid is the Stokes number of the dust grains at
the mid-plane and αφz = νφz/(h
2
gΩK). When the dust
grains are relatively settled, we expand the expression of
hd with respect to z/hg ≪ 1 and take the leading term.
We obtain
ρd(R, z) = ρd(R, 0) exp
(
− z
2
2h2d
)
, (33)
with the scale height of the dust disk given by
hd(R) = hg(R)
√
αφz/Sc
αφz/Sc+ Stmid
. (34)
We set Sc = 1, because we treat the dust grains with
Stmid < 1 (Youdin & Lithwick 2007). The surface den-
sity of the dust grains is given by
Σd(R) =
∫ ∞
−∞
ρddz =
√
2piρd(R, 0)hd(R). (35)
Using equations (28), (34) and (35), we obtain the ratio
of Σd to Σg as
Σd
Σg
=
ρd(R, 0)
ρg(R, 0)
√
α
α+ Stmid
. (36)
Similar to above, we assume vR, vz, VR, Vz, and vφ −
VK , Vφ − VK are much smaller than VK . Leaving only
the first-order terms with respect to these small values
in equations (10), (11), (13), and (14), we obtain the
velocities of the dust grains as
vR(R, z) = − 2St
′
St′2 + 1
ρg
ρg + ρd
ηVK
+
1
St′2 + 1
ρg
ρg + ρd
Vvis, (37)
vφ(R, z) = VK +
1
St′2 + 1
ρg
ρg + ρd
ηVK
− St
′
St′2 + 1
ρg
ρg + ρd
Vvis, (38)
and those of the gas as
VR(R, z) =
2St′
St′2 + 1
ρd
ρg + ρd
ηVK
+
(
1− 1
St′2 + 1
ρd
ρg + ρd
)
Vvis, (39)
Vφ(R, z) = VK +
(
1
St′2 + 1
ρd
ρg + ρd
− 1
)
ηVK
+
St′
St′2 + 1
ρg
ρg + ρd
Vvis, (40)
where St′ = ρg/(ρg + ρd)St, St = tstopΩK, and η is
defined by equation (27). The viscous velocity of gas
(without dust feedback) is given by
Vvis(R, z) = − 1
R
[
3νrφ
d ln
(
νrφρgR
1/2
)
d lnR
− qνφz d ln (ρgz)
d ln z
]
,
(41)
If νrφ = νφz = ν, we obtain Vvis as
Vvis = −3ν
R
[
p+
2q
3
+ 2
(
z
hg
)2(
5q + 9
6
)]
. (42)
2.4. Radial net flows of gas and dust grains
We consider the net mass transfers of gas and dust
grains in the disk. The net radial velocity of the gas are
defined by (Takeuchi & Lin 2002)
〈VR〉 (R) = 1
Σg
∫ ∞
−∞
VRρgdz. (43)
Similarly, the net radial velocity of the dust grain is de-
fined by
〈vR〉 (R) = 1
Σd
∫ ∞
−∞
vRρddz. (44)
We adopt the following values as the fiducial case:
M∗ = 1M⊙, ρg(R = 1 AU, z = 0) = 5.3 × 10−10g/cm3,
hg = 2.8 × 10−2 AU at R = 1 AU, p = −2.25 and
q = −0.5. In this case, the gas surface density is ob-
tained by Σ0(R/1 AU)
−1 with Σ0 = 540g/cm
2, and the
aspect ratio of the gas disk is proportional to R1/4.
Before presenting the vertical averaged velocities of the
gas and the dust , we show typical vertical structures of
the gas and the dust grains. Figure 1 shows the vertical
distributions of the gas and dust densities (top) and the
mass flux density of gas (bottom) in the cases of α =
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Figure 1. (Top) The density of gas (solid lines) and dust grains
(dotted lines) at 10 AU (ρg(z = 0) = 3.0 × 10−12g/cm3, hg/R =
0.05). The Stokes number of the dust grain on the mid-plane is
set to be 0.1. We set Σd/Σg = 0.01. The color of lines denote
the viscosity: red for α = 10−2, blue for α = 10−3. (Bottom) The
vertical distribution of mass flux density of gas at 10 AU. The
red and blue lines denote α = 10−2 and α = 10−3, respectively.
The grain size is the same as the top panel. The gray dashed
lines denote the mass flux density without the dust feedback. The
dotted lines denote the mass flux density in the 2D disk given by
ΣgV 2Dvis /(
√
8pihg).
10−2 and α = 10−3. In this figure, the Stokes number of
the dust grain in the mid-plane is set to be 0.1, and the
ratio of Σd to Σg is 0.01. As shown by Takeuchi & Lin
(2002), the gas moves outward near the mid-plane even
when the dust feedback is not considered. However, the
dust feedback makes the outward velocity of gas faster.
When α = 10−2, the gas flows inward above the dust
layer (z & hg), while the gas in the dust layer flows
outward (z < hg). Above the dust layer, the inward
mass flux density is comparable with that assumed in
the 2D disk given by ΣgV
2D
vis /(
√
8pihg). When α = 10
−3,
the thin dust layer is formed near the mid-plane. The gas
moves outward near the mid-plane. The outward mass
flux density near the mid-plane is very large. On the
other hand, above the dust layer, the gas flows inward.
The inward mass flux above the dust layer is the same
level as that in the 2D disk, as in the case of α = 10−2.
Figure 2 shows the vertical averaged radial velocities
of the gas and the dust grains given by equations (43)
and (44). For comparison, we also plot the gas and dust
radial velocity in 2D disk obtained by equation (3) and
(1). In the figure, we set Σd/Σg = 0.01. When α = 10
−2,
the gas velocity is hardly affected by the grains if the
Stokes number is small enough. As the Stokes number
increases, however, the infall gas velocity decreases and
when Stmid = 1, the infall velocity becomes minimum.
10−3 10−2 10−1 100
Stmid
−8
−6
−4
−2
0
2
4
6
〈V
R
〉
[A
U
/y
r]
×10−5
α = 10−2
α = 10−3
α = 10−4
10−3 10−2 10−1 100
Stmid
−7
−6
−5
−4
−3
−2
−1
0
〈v
R
〉
[A
U
/y
r]
×10−3
α = 10−2
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Figure 2. Vertical averaged radial velocities of disk gas (top)
and dust grains (bottom) at R = 10 AU (hg/R = 0.05) and
Σd/Σg = 0.01. The solid lines are the vertical averaged radial
velocity including the dust sedimentation. The red, green, and
blue line indicate the cases with α = 10−2, 10−3, and 10−4, re-
spectively. The dotted lines are the radial velocity of the 2D disk.
As the gas viscosity decreases, the infall velocity due to
the viscosity Vvis decreases. As a result, the radial gas
velocity becomes positive due to the feedback from the
grains and the gas moves outward. For instance, when
α = 10−3, a relatively small grain with Stmid = 0.1 can
make the gas flow outward, without any pile-up of grains
(Σd/Σg = 0.01 in the figure). For a smaller viscosity
(e.g., α = 10−4), the thickness of the dust layer is very
thin. Although the outward gas flux density in the dust
layer is very large, the contribution from the inside of the
thin dust layer is not significant. In fact, the outward
velocity when α = 10−4 is smaller than that when α =
10−3, since the dust feedback is ineffective in the case
of the very small viscosity. As seen in the bottom panel
of Figure 2, the dust grains always flows inward and the
infall velocity is hardly affected by the gas viscosity.
When the size of the dust grain is sufficiently small
(Stmid < 10
−2), the gas and dust radial velocities in the
2D disk given by equation (3) and (1) agree well with the
vertically averaged velocities, because the dust layer is
not significantly thin. As the size of grains increases, the
velocity in 2D disk deviates from the vertical averaged
velocity. In this case, the dust grains are settled and
ρd/ρg near the mid-plane is much larger than Σd/Σg.
As a result, the effect of the dust feedback is enhanced
due to the dust settling for relatively large viscosity such
as the cases with α = 10−2 and α = 10−3. On the other
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Figure 3. Vertical averaged radial velocity of gas in the case with
α = 10−3 at R = 10 AU (hg/R = 0.05). The contour lines show
the levels of 〈VR〉 = −5 × 10−6 AU/ yr, 0 AU/ yr, 10−5 AU/ yr,
and 10−4 AU/ yr from the outside, respectively.
hand, if α is very small, the effect of the dust feedback
is ineffective because the thickness of the dust layer is
very thin. When α = 10−4, for instance, the vertical
averaged velocity is comparable with that of the 2D disk.
Although the vertical dust settling affects the effect of
the dust feedback as discussed above, equation (1) and
(3) reasonably reproduce the vertical averaged velocities
given by equation (44) and (43) within a factor of ∼ 2.
We show the dependence of 〈VR〉 on Σd/Σg and Stmid
when α = 10−3 in Figure 3. If the Stokes number of the
dust grains is sufficiently small, 〈VR〉 is negative regard-
less of the value of Σd/Σg. As the Stokes number of the
dust grain reaches unity, 〈VR〉 increases and the gas can
move outward for small Σd/Σg. When Σd/Σg is large
as& 0.5, 〈VR〉 becomes smaller as Σd/Σg increases. In
this case, ρd/ρg is much larger than unity at the mid-
plane, and hence the gas velocity at the mid-plane be-
comes small (see, equation 39).
In the top panel of Figure 4, we illustrate the rela-
tion between the dust-to-gas surface density ratio and
the Stokes number of the dust grains when 〈VR〉 = 0.
If the dust-to-gas mass ratio is larger than this critical
value, the gas velocity is positive. When α = 10−4, the
small dust grains with Stmid = 0.01 can make the gas
move outward if Σd/Σg & 0.01. For large dust grains
with Stmid ≃ 1, the gas can flow outward when the dust-
to-gas surface density ratio is only ∼ 10−4 and α = 10−4.
Even for the relatively large viscosity, the gas moves out-
ward if relatively large dust grains are highly accumu-
lated (e.g., when α = 10−2, Σd/Σg ∼ 0.1 for dust grains
with Stmid ≃ 0.1). If the size of the grains is small
enough (e.g., Stmid ≃ 0.05 in the case of α = 10−2),
on the other hand, the gas moves inward independent of
the dust-to-gas surface density ratio.
For comparison, we plot the dust-to-gas surface density
when V 2DR = 0. As seen from the top panel of Figure 4,
though the Σd/Σg when V
2D
R = 0 is slightly larger than
that when 〈VR〉 = 0, they reasonably agree with each
other, if Σd/Σg is smaller than unity. Setting V
2D
R = 0
and assuming Σd ≪ Σg, we obtain the condition from
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Figure 4. (Top) The dust-to-gas surface density ratio when the
vertical averaged radial velocity of the gas (solid lines) is zero at
10 AU, in terms on the Stokes number of the dust grains. The
dashed lines are the dust-to-gas surface density ratio when V 2D
R
=
0. (Bottom) The dust-to-gas surface density ratios when V 2DR = 0
(dashed lines) and given by equation (45) (solid thin lines).
equation (1) as(
Σd
Σg
)
c
≃ (1 + St−22D)
(
1 +
2
St2D
η2DVK
V 2Dvis
)−1
. (45)
As seen in the bottom of Figure 4, equation (45) can
reproduce the dust-to-gas surface density ratio when
V 2DR = 0, if Σd/Σg . 1. Equation (45) also reason-
ably agrees with the dust-to-gas surface density when
〈VR〉 = 0, if Σd/Σg is smaller than unity. Note that the
condition of equation (45) corresponds to that the accre-
tion rate of dust grains (M˙d = 2piRΣdv
2D
R ) is equal to
the gas mass accretion rate due to the viscous diffusion
(2piRΣgV
2D
vis ), in the case of St2D ≪ 1.
2.5. Surface density distributions in gas and dust
The vertical distribution of the gas flow is affected by
the dust settling, which can enhance (and reduce) the
effect of the dust feedback, as shown in previous subsec-
tions. However, as seen in Figure 2, when we consider
the net flux integrated over the vertical direction, the
approximation of the 2D disk may be reasonable. In the
following, we focus on the net flux of gas and dust, and
discuss the evolution of the surface densities.
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In steady state, the distribution of the gas sur-
face density is given by M˙g = 2piRΣgVR = constant
(Pringle 1981). The gas surface density is given by
M˙g/(2piRV
2D
R ). For a distribution of grains, Σd =
M˙d/(2piRv
2D
R ) (e.g., Testi et al. 2014). When Σd/Σg ≪
1 and St2D ≪ 1, the radial velocity of dust grains is
v2DR = −2St2D(Σd/Σg)η2DVK . For simplicity, we as-
sume single-size dust grains. With Σg ∝ R−s, we obtain
Σd ∝ R−(s+2f+1/2), where f is the flaring index defined
by hg/R ∝ Rf . For V 2DR , the first term of equation (3)
is approximately 2St2D(Σd/Σg)η2DVK and the second
term is V 2Dvis . If the feedback is negligible, s = 2f + 1/2.
The index of the power law of Σg does not change if the
feedback is effective, because the first term in V 2DR has
the same dependence on the radius as V 2Dvis . Hence, in
steady state, Σd ∝ R−4f−1 and Σd/Σg ∝ R−2f−1/2. In
reality, the grain sizes are determined by the coagula-
tion and fragmentation, and are not necessarily constant
over the disk. When turbulent fragmentation limits the
size, however, larger dust grains dominate the total mass,
and therefore the dust surface density is determined by
the maximum size of the grains, which only weakly de-
pends on the location (sd ∝ 1/
√
R) when s = 1, f = 1/4
(Birnstiel et al. 2012). This situation is not very different
from the case with the single-size dust grains.
When the viscosity is sufficiently large but Σd/Σg is
not very large, the gas flows inward in the disk. As dis-
cussed above, the slope of Σg is the same as that in the
case that the feedback is negligible. Hence the distribu-
tion of Σg does not change so much, as long as the gas is
supplied from outside. Note that in this case, the accre-
tion rate of gas M˙g is reduced because the inflow velocity
decreases due to the feedback, but Σg is not changed.
On the other hand, when the viscosity is low or Σd/Σg
is sufficiently large as shown in Figure 4, the gas flows
outward in the disk. In this case, the disk structure with
M˙g < 0 is no longer allowed. Since there is no gas supply
from the inside of the disk in most cases, the disk may
be depleted from the inside.
3. EVOLUTION OF GAS DISK
3.1. Model description
3.1.1. Two-dimensional simulations
To examine how the feedback from the grains affects
viscous evolutions of gaseous disks, we performed 2D
(R, φ) hydrodynamic simulations. We extended pub-
licly available FARGO code (Masset 2000) to include the
dust grains. We simulated the evolutions of disk gas and
dust grains by solving the two-fluid (gas and dust grains)
equations of motion and continuity. Because simulating
the 2D disk, we do not consider the settling of the dust
grains in the simulations. However, as shown in Figure 2,
the velocities of the gas and the dust grains in 2D disk
given by equations (1) – (4) reasonably agree with the
vertical averaged velocity in the 3D disk. Hence, the ap-
proximation of the 2D disk would be reasonably valid in
this case. The computational domain ranges from 4 AU
to 100 AU from the central star. The resolution is 512
and 128 cells in radial and azimuthal directions, respec-
tively.
The initial condition of gas surface density is set as
Σg = Σ0(R/1 AU)
−1 with Σ0 = 570g/cm
2
. We adopt
a simple locally isothermal equation of state and assume
the disk aspect ratio as hg/R = H0(R/1 AU)
1/4 with
H0 = 0.028. The initial angular velocity of gas is given by
ΩK
√
1− η, and the mass of the central star is assumed by
1M⊙. The radial velocity of gas is set by V
2D
vis . The initial
surface density of dust grains is 0.01 of gas everywhere
over the disk. The initial angular velocity of dust grains
is ΩK and the initial radial velocity is zero. We adopt
dust grains with 3 cm in size, corresponding to the Stokes
number St2D of 0.1 at R = 10 AU for the initial state.
For simplicity, we neglect coagulation and fragmentation
of dust grains, and hence the grain size does not change
during the simulations.
Since the gas velocity is very sensitive on the value
of η2D and Σd/Σg especially in the case of small vis-
cosity, numerical instability occurs when small discon-
tinuities of η and Σd/Σg exist at the innermost part
of the computational domain. To avoid this instabil-
ity, we introduced a ”coupling-damping region” at the
innermost radii (4 AU < R < 6 AU). In this region the
dust feedback on gas is gradually reduced by cos(pix2/2),
where x = R1 − R/(R1 − R0) with R0 = 4 AU and
R1 = 6 AU, respectively. Hence, at the innermost annu-
lus (R = 4 AU), the gas velocity is set to V 2Dvis . More-
over, in this region, we force all the physical quantities
to be azimuthally symmetric by overwriting the quan-
tities with their azimuthally average at every time step
(c.f., de Val-Borro et al. 2006). That is, in the coupling
damping zone, Σg, V
2D
R and V
2D
φ are related towards
their azimuthally averaged values as
dX
dt
= −X −Xavg
τdamp
f(R), (46)
where X represents Σg, V
2D
R and V
2D
φ , and Xavg denotes
the azimuthally averaged values of them, and τdamp is
the orbital period at the boundary. The function f is a
parabola of the form y = x2, scaled to be zero at the
boundary layer (R = 6 AU), and unity at the opposite
edge (R = 4 AU). For dust grains, the velocity at the
innermost boundary is given by equations (37) and (38),
respectively. The surface densities of gas and dust are set
to be M˙ = constant (c.f., Zhu et al. 2011). At the outer
boundary, the velocities of gas and dust are given by
equation (37)-(40), and the surface densities are fixed at
the initial values. Here the radial distribution of Σd/Σg
is expected to be smooth. The turbulent radial mass flux
of jR would be negligible in this case. Hence we ignore
the radial diffusion flux of equation (21) for simplicity.
3.1.2. One-dimensional simulations
For the purpose of confirming the validity and use-
fulness of our analytic formulas, we also calculated the
evolution by the simplified 1D model with our analytic
formulas and compared the results to these of the 2D
fluid simulations. In the 1D model, we simultaneously
solved the 1D continuity equation for the dust grains
∂Σd/∂t = −(1/R)∂(RΣdv2DR )/∂R and that for the disk
gas ∂Σg/∂t = −(1/R)∂(RΣgV 2DR )/∂R. Here, we used
equations (1) and (3) as the radial velocities of the dust
grains and the disk gas (v2DR and V
2D
R ), respectively. The
initial and boundary conditions are the same as the 2D
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simulations described above. For the coupling damp-
ing region, we just cut off the dust feedback to gas in
R < 6AU.
3.2. Results
Figure 5 illustrates evolutions of the radial velocity and
surface densities of gas and dust grains, and dust-to-gas
surface density ratio in the viscous case with α = 10−2.
We compare the results with the 1D model in the figure.
In this case, since the gas viscosity is large and the dust
grains is not so concentrated, the gas flows to the central
star in the entire region of the disk. As discussed in
subsection 2.5, the distribution of Σg is hardly changed
from the initial distribution which is the steady state
without the feedback. The Σd/Σg is also distributed as
1/R, as expected in subsection 2.5. Since the velocities
of the gas and the dust quickly converge to the values
in steady state, the simplified 1D model is able to well
reproduce the results of the 2D two-fluid hydrodynamic
simulations.
We now show results with different α and Σd/Σg. The
agreement between the 1D model and 2D simulations
are always good in the cases presented below. Figure 6
shows the evolution of the disk with α = 10−2 and ini-
tial Σd/Σg = 0.05. Because the initial Σd/Σg is larger
than the case of Figure 5, the gas moves outward in the
wide region of the disk. In this case, the gas surface
density decreases in the inner region of the disk. Ow-
ing to the gas removal due to the feedback from the
grains, the dust-to-gas mass ratio increases. The drift
velocity of grains decreases as the dust-to-gas mass ra-
tio increases as pointed out by Dra¸z˙kowska et al. (2016);
Ida & Guillot (2016) (see also equation 1), which leads
to the further increase of the dust-to-gas mass ratio. Ow-
ing to this positive feedback cycle, the inner region of the
disk quickly becomes very dust rich. In this case, after
∼ 105 yr, the gas surface density is only ∼ 10% of the ini-
tial value at the inner region. The dust-to-gas mass ratio
significantly exceeds over unity, and the Stokes number
of grains is ∼ 0.1. The dust-to-gas density ratio is also
very high. Using equation (36), we can estimate ρd/ρg
at the mid-plane at 10 AU as 50 (at 9.6 × 104 yr) and
150 (at 1.6× 105 yr). Note that the decreases of Σd near
the inner boundary (R = 6 AU) is originated from the
difference of η2D in the inside and outside of the coupling
damping zone, since η2D in the damping zone is fixed to
the value in the steady state without the feedback.
The evolution with a lower viscosity (α = 10−3), is
shown in Figure 7. The initial Σd/Σg is the same as
Figure 5. Since the viscosity is small, in this case the gas
moves outward in the entire disk. The gas surface density
also significantly decreases at the inner region of the disk.
As in the case of Figure 6, the removal of gas due to
the dust feedback makes the inner region dusty. After
∼ 105 yr, the dust-to-gas surface density ratio increases
up to unity. The dust-to-gas density ratios at the mid-
plane at 10 AU are estimated as 1 (at 9.6× 104 yr) and
10 (at 1.6× 105 yr).
4. DISCUSSION
4.1. Vertical structure of gas flow
The gas flows inward when the net radial velocity of
the gas 〈VR〉 is positive. As shown in Figure 1, the mass
flux density depends on the altitude. The dust grains are
settled to the mid-plane and the dust layer in which the
dust grains are highly concentrated is formed near the
mid-plane, while the dust density is quite small above the
dust layer. When the net mass flux is positive, the gas
in the upper of the dust layer still flows inward, whereas
the gas in the dust layer flows outward. In Figure 8, we
illustrate the mass fluxes integrated in the inside and the
upper of the dust layer, in terms of the Stokes number
of the dust grains, when Σd/Σg = 0.01 at 10 AU (ρg =
3.0× 10−12 g/cm2, hg/R = 0.05). For a relatively large
dust grains (e.g., Stmid ∼ 0.1), the net radial velocity
of the gas is positive. However, above the dust layer
(z > 2hd), the gas flows inward. When α = 10
−3 and
Stmid = 1, for instance, the amount of the gas mass
flux above the dust layer is ∼ −10−11 M⊙/ AU/ yr,
which is comparable with the mass flux without the dust
feedback(= ΣgV
2D
vis /2). This indicates that even when
the disk gas deplete from the inside of the disk such as
Figures 6 and 7, the gas accretion onto the central star
would not stop. If this disk is observed, we cannot find
the depletion of the disk gas, from the viewpoint of the
accretion rate onto the central star. We need to directly
observe the disk gas to identify the physical condition of
the protoplanetary disk.
4.2. Dust growth and fragmentation
In reality, the grain size is strongly limited by the co-
agulation and fragmentation, though we did not con-
sider this effect in this paper. However, for silicate
grains, since the size is strongly limited by the fragmen-
tation, the size of grains which locally dominates the
grain density is not changed so much in the inner re-
gion (Birnstiel et al. 2012). In this case, the maximum
size of the dust grains sfrag are given by
sfrag ∼ 2
3pi
Σg
ρpα
(
vfrag
cs
)2
, (47)
where vfrag is the fragmentation threshold velocity, which
depends on the composition (e.g., ice or silicate) of the
dust grains. The fragmentation threshold velocity of the
silicate dust grains may be obtained as 1m/s – 10m/s
(Beitz et al. 2011). When α = 10−3 and cs = 10
3m/s,
the Stokes number of the maximum dust grains with
vfrag = 10m/s is about ∼ 0.1. In this case, the dust
feedback can influence on the entire evolution of the gas
disk as shown in Figures 6 and 7, which leads formation
of rocky planetesimals.
If vfrag ≪ 10m/s,the dust feedback does not work, since
the dust grains cannot grow to a sufficiently large size. If
vfrag ≫ 10m/s, the dust grains can grow up to planetesi-
mals without fragmentation, as shown by Okuzumi et al.
(2012), or the dust quickly falls to the star because they
can quickly grow up to the size of St ∼ 1.
4.3. Implication of planet formation
When the dust grains are more concentrated as
compared with the gas, the grains can grow quickly
to planetesimals via the streaming instability (e.g.,
Youdin & Goodman 2005). Roughly speaking, when
ρd & ρg, the streaming instability may be sig-
nificantly developed (e.g., Youdin & Johansen 2007;
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Figure 5. Radial gas velocity (left top), gas surface density (right top), dust surface density (left bottom) rand dust-to-gas surface density
ratio (right bottom) in the case with α = 10−2 and the initial Σd/Σg = 0.01. The dashed, dot-and-dash, and dot lines represent quantities
given by the 2D simulations at t = 3.2 × 104 yr, 9.6 × 104 yr, and 1.6 × 105 yr, respectively. The quantities given by 2D simulations are
azimuthally averaged in the figure. Thin solid lines denote quantities given by the simplified 1D model. The solid thin black lines show the
initial values.
Dra¸z˙kowska & Dullemond 2014; Carrera et al. 2015). As
shown in Figure 6 and 7, when the dust feedback is ef-
fective, after 105 yr, Σd/Σg increases over unity within
10 AU. Using equation (36), we can estimate ρd/ρg at
the mid-plane as > 10, because St ≃ 0.1. This ratio is
sufficiently high for the streaming instability to occur,
though the accurate condition of the streaming instabil-
ity may depend on the viscosity, the total amount of the
dust grains (metalicity) and etc. The streaming instabil-
ity can be caused in more early state of the disk evolution
than 105 yr. We should consider the planetesimal forma-
tion with the disk evolution.
Once the streaming instability occurs, since the dust
grains grow up to the planetesimals, the dust-to-gas mass
ratio will decreases. However, all dust grains are not con-
verted to the planetesimals (e.g., Johansen et al. 2012;
Simon et al. 2016). If the efficiency of the planetesimal
formation is sufficiently large to remove the dust grains,
the dust feedback will be ineffective. The gas density
will be restored to that in steady state when the dust
feedback is not considered. On the other hand, when the
efficiency is moderate, the dust feedback can be still effec-
tive after the streaming instability turns on. In this case,
the planetesimals are formed as the gas depletes, which
indicates that the migration speed of the planetesimals
would significantly decreases. If the planet is formed, the
migration of the planet would also be slow, which is fa-
vorable for planet formation. This situation can continue
until most of the dust grains fall to the central star.
4.4. Implication of disk observation
Since the disk gas is depleted from the inner region,
a hole structure of gas would be formed. For the dust
grains, on the other hand, the density does not decreases
in the gas depleted region. However, if the dust grains
are effectively translated to the planetesimals, as dis-
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Figure 6. Same as Figure 5, but in the case with initial Σd/Σg = 0.05.
cussed in the previous subsection, a density of relatively
large grains at the mid-plane which are observed by sub-
millimeter may decreases. In this case, a hole struc-
ture can be found by the observations of dust contin-
uum by sub-millimeter, as well as the observation of
molecular lines. Recent ALMA observation done by
Sheehan & Eisner (2017) has revealed that the young
protoplanetary disk has the hole structure of the dust
continuum within ∼ 10 AU. This hole structure may
be explained by the gas depletion due to the dust feed-
back and the planetesimal formation triggered by the gas
depletion.
4.5. Validity of the model
We briefly comment on the validity of the treatment of
the dust fluid. We treat the dust grains as pressureless
fluid and ignore some effects of turbulence in the equa-
tions of motions (equations 10 – 12) (see, Appendix A).
Although this formulation is widely used in the previ-
ous studies (e.g., Fu et al. 2014; Gonzalez et al. 2017;
Dipierro & Laibe 2017), this treatment of the dust fluid
may not be appropriate in the cases where the dust den-
sity is comparable with the gas density, or the Stokes
number of the dust grains is large. According to Hersant
(2009), the pressure of the dust fluid is not negligible
when St > 1/2. At the mid-plane where the dust den-
sity is comparable with the gas density, the dust settling
is prevented by the turbulence driven by the instability of
the dust fluid (e.g., Sekiya 1998; Sekiya & Ishitsu 2000;
Johansen et al. 2006; Chiang 2008; Lee et al. 2010a,b).
We must take into account the momentum transfer due
to the dust turbulent in this case, and more sophisticated
formulation for dust and gas may need to be explored.
Moreover, the vertical structures of the gas and the
dust grains may be different from what we have assumed
in equations (24) and (33) when the dust density is larger
than the gas density. Gas experiences drag force from the
dust grains that sediment towards the mid-plane, so the
gas density in the mid-plane is larger than that given
by equation (24). As the dust-to-gas density ratio in-
creases, the settling velocity of the dust grains is slow
down (vz = −St′ΩKz ∝ 1/(1 + ρd/ρg)), which leads ver-
tical swelling of the dust layer. As a result, the vertical
distributions of the gas and the dust also deviate from
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Figure 7. Same as Figure 5, but in the case with α = 10−3 and the initial Σd/Σg = 0.01.
the Gaussian distributions when Σd/Σg is larger than
unity (see, Appendix A of Nakagawa et al. (1986) or Ap-
pendix B). When adopting equations (24) and (33), we
may therefore have overestimated the dust feedback near
a bottom of the dust layer (mid-plane), while underesti-
mating the dust feedback in an upper region of the dust
layer. If considering the vertical averaged quantities, the
approximation of the Gaussian distribution may be rea-
sonable. In any case, if the dust-to-gas density ratio in
the mid-plane is of the order of unity and the Stokes
number of the dust grains is of the order of unity, the
drag force exerted on the gas is at most comparable to
the (vertical component of) gravitational force from the
central star, and therefore we expect that the qualitative
outcomes presented in this paper are not very much af-
fected. If the dust-to-gas density ratio further increases,
it may be necessary to consider more sophisticated for-
mulation of basic equations (e.g., onset of the streaming
instability), which is beyond the scope of this paper.
In summary, our results may be safely used when dust-
to-gas mass ratio is less than ∼ 1, and we expect that
qualitative results are valid up to Σd/Σg ∼ 1. If the
dust grains are highly concentrated and dominate gas, it
may be necessary to have more sophisticated formulation
to describe the dynamics of gas and dust. If streaming
instability or other hydrodynamic instabilities may come
into play when dust grains dominate, in which case the
dust-to-gas mass ratio may not increase too much after
all.
5. SUMMARY
In this paper, we considered the effect of the dust feed-
back on the viscous evolution of the gas disk. Our results
are summarized as follows:
1. We present the analytical expressions for the veloc-
ities of gas and dust grains in the 2D disk, consid-
ering viscous evolution of gas and gas–dust friction
(equations 1 – 4). Considering the vertical dust
settling, we also derived the formula of the radial
velocities of the gas and dust grains (equation 43
with equation 39). For the net radial velocities of
the gas and the dust, the analytical expression of
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Figure 8. Gas mass fluxes integrated in the inside of the dust
layer (0 < z < 2hd) (top) and the upper of the dust layer (z > 2hd)
(bottom), when R = 10 AU and Σd/Σg = 0.01. The red, green,
and blue lines denote the cases with α = 10−2, 4×10−3, and 10−3,
respectively. The dashed thin lines in the bottom panel show the
gas mass fluxes without the dust feedback given by ΣgV 2Dvis /2.
the 2D disk reasonably agree with the formula con-
sidering the dust settling (see Figure 2).
2. We found that the feedback from the grains signifi-
cantly affects the radial velocity of the gas (see, Fig-
ures 2 and 3). When the gas viscosity is sufficiently
large and the dust grains are not concentrated, the
gas infall slows down due to the dust feedback. As
the viscosity decreases or the dust-to-gas mass ra-
tio increases, the gas flows even outward due to the
dust feedback.
3. We also demonstrated the 2D two-fluid hydrody-
namic simulations, and showed how the feedback
changes the evolutions of gas. As long as the vis-
cosity is large and the initial dust-to-gas mass ratio
is small, the gas flows inward. In this case, the gas
disk evolves as in the case where the dust feedback
is not effective, though the infall velocity of the
gas decreases (see, Figure 5). When the viscosity
is small or the initial Σd/Σg is large, the feedback
drastically changes the evolution of the disk. The
gas flows to the outside of the disk, and the gas at
the inner region is significantly depleted (see, Fig-
ures 6 and 7). The gas removal slows down the
infall velocity of the dust grains, and the dust-to-
gas mass ratio further increases.
4. We presented the idea of a simplified 1D model. We
solve the continuity equations with the velocities
given by equations (1) and (3). Since the velocities
quickly converge to those in the steady state, the
simplified 1D model is able to well reproduce the
results of the 2D hydrodynamic simulations, as can
be seen in Figures 5 – 7.
5. We also discuss the effect of the vertical structure
on the disk evolution. If the disk gas is deposited,
the gas accretion onto the star is possible. We need
to observe the gas directly to detect the gas deple-
tion.
6. In the inner region of the disk, the size of silicate
dust grains would be strongly limited by the frag-
mentation. This situation is not very different from
the cases assumed in our simulations. If the sili-
cate grains remove the gas via the feedback, rocky
planetesimals would be formed via the streaming
instability.
In this paper, we pointed out that the dust feedback
can significantly influence the evolution of gas disk. How-
ever, we must consider the size evolution of dust grains,
because the feedback strongly depends on the grain size.
In order to understand the evolution of gas disk and
grains, we should take into account consistently the evo-
lution of grain size and the evolution of gas, with the
dust feedback.
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APPENDIX
VALIDITY OF BASIC EQUATIONS OF THE GAS AND DUST GRAINS
In order to describe flows including turbulence, the Reynolds-averaged Navier-Stokes equations of motion are com-
monly used. In this way, the density and all velocity components are devided into mean and fluctuating parts as
ρ = ρ+ρ′ and v = v+v′ (the former term is the mean part and the later term is the fluctuating part). The Reynolds-
averaged Navier-Stokes equations of the gas and the dust grains in protoplanetary disks are derived by Cuzzi et al.
(1993). Here we derive our basic equations (10)–(15) from the Reynolds-averaged equations (equations A.11–A.13 of
Effect of dust radial drift on viscous evolution of gaseous disk 13
Cuzzi et al. (1993)). As general forms of the Reynolds-averaged equations, Cuzzi et al. (1993) obtained
ρ
∂vi
∂t
+
∂ρ′v′i
∂t
+ ρ
(
vj
∂vi
∂xj
)
= − ∂P
∂xi
− ρ ∂Ψ
∂xi
+
∂σij
∂xj
− ∂
∂xj
(
ρ′v′jvi
)
− ∂
∂xj
(
ρ′v′ivj
)
+ Fi, (A1)
where P and Ψ are a pressure and a gravity potential, respectively, and σij is the Reynolds stress tensor defined by
σij = −ρv′iv′j − ρ′v′iv′j , (A2)
and Fi is the gas–dust friction force given by
Fi = ±
[
ρd (vg,i − vd,i)
tstop
+
ρ′dv
′
g,i − ρ′dv′d,i
tstop
]
, (A3)
where the sign of equation (A3) is positive for the gas, while it is negative for the dust grains. As discussed later, if
the fluctuating motion of the dust grains is dominated by the gas–dust fraction force, we may neglect the second term
of equation (A3) (see also, Appendix B of Cuzzi et al. (1993)).
First let us consider the equations of the motion for the gas. If the mach number of the turbulence is not so very
high, we can treat the gas fluid as weakly compressible fluid. In this case, since ρg ≫ ρ′g, we can neglect the time
variation of ρ′gv
′
g,i (2nd term of LHS of equation A1) and terms related with the advection due to the turbulence (4th
and 5th terms of RHS of equation A1). Using the Newtonian viscous stress tensor, instead of the Reynolds stress
tensor, we obtain the equations of motions for the gas as equations (13) – (15).
Since we treat the dust fluid as pressureless fluid, Pd = 0 in equation (A1) for the dust grains. If adopting the
gradient diffusion hypothesis (Cuzzi et al. 1993; Takeuchi & Lin 2002), the mass flux due to the turbulence can be
written by
ρ′dv
′
d,i = Dρg
∂ρd/ρg
∂xi
, (A4)
where D is the diffusion coefficient which may be given by
D = ν/Sc, (A5)
where ν is the kinetic viscosity of the gas. In this case, the advection terms due to the turbulence (4th and 5th terms
of RHS of equation A1) are proportional to νρd/Sc. As long as the distributions of ρd/ρg and v are not steep, those
terms are much smaller than Fi given by equation (A3), because ρd (vg,i − vd,i) ∼ ηρdVK . We can neglect 4th and 5th
terms of RHS of equation (A1).
The Reynolds stress of the dust grains may not be negligible. Here let us consider how the fluctuating motion of
the dust grains responses to the fluctuating motion of the gas with the velocity of v0. Assuming the decay time of the
gas fluctuating motion is longer than the time scale that we now consider, we regard that v0 is independent of time.
If the fluctuation motion of the dust grain is dominated by the gas–dust friction, we may write a governing equation
of the fluctuation motion of the dust grain as
∂v′d,i
∂t
= −v
′
d,i − v0
tstop
. (A6)
In this case, the fluctuating velocity of the dust grains is given by
v′d,i(t) = v0 +
[
v′d,i(t = t0)− v0
]
e−t/tstop . (A7)
The difference between the fluctuating velocities of the gas and the dust grains decays as exp(−t/tstop). For small
grains, especially, the velocity of the dust fluctuating motion converges quickly to that of the gas fluctuating motion. In
this case, the correlation v′d,iv
′
d,j would be approximately given by v
′
g,iv
′
g,j in equation (A2). Similarly, the correlation
ρ′dv
′
d,i is also approximated as ρ
′
dv
′
g,i and they cancel out each other in the second term of equation (A3). When
ρd ≪ ρg, the components of the Reynolds stress tensor for the dust grains are much smaller than these for the gas
becuase the dust density is small. However, when ρd ∼ ρg, the components of the Reynolds stress tensor for the
dust grains are comparable with these for the gas. In this case, we may need to consider the kinetic viscosity of the
dust grains in the equation of the motion. However, since there is a large uncertainty about treatment of the dust
fluctuating motion, we drop the term related with the Reynolds stress of the dust grains for simplicity. Ignoring a
time-variation of the turbulence, and the Reynolds stress term and the advection terms due to the turbulence, we
derive the equations of motions for the dust grains (10)–(12) from the Reynolds-averaged Navier-Stokes equation (A1).
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Figure 9. Vertical structures of the gas and the dust grains. In the left and middle panels, Σd/Σg = 1 and 5 are adopted, respectively.
The thin lines are given by the Gaussian distributions of equations (24) and (33). The distributions of the ρd/ρg are plotted in the right
panel. In the right panel, the thin solid and dashed lines are the ratios given by equations (24) and (33) for Σd/Σg = 1, and 5, respectively.
We adopt α = 10−3, Stmid = 0.1 and Σg = 5.7 g/cm
2.
VERTICAL STRUCTURES OF GAS AND DUST GRAINS
The vertical structures of the gas and the dust grains are described by the Gaussian distributions as equations (24)
and (33). However, when ρd & ρg, the vertical distributions deviate from the Gaussian distributions.
Nakagawa et al. (1986) considered the vertical structure of the gas by adopting a simple dust vertical distribution
as ρd(z) = const. = ρd,0 for |z| < hd, otherwise ρd(z) = 0 (see Appendix A of that paper). The gas density at the
mid-plane is given by ρg(0) (1 + fΣd/Σg), where ρg(0) is the gas density at z = 0 given by equation (24), and f is a
function of hd/hg which is an order of unity (e.g., f = 0.5 when hd/hg = 1 and f = 1 when hd ≪ hg). If Σd/Σg ≪ 1,
hence, the vertical distribution of gas is given by the Gaussian distribution (equation 24). If Σd/Σg ≫ 1, however,
the gas density at the mid-plane is larger than that given by equation (24), and the vertical distribution also deviates
from the Gaussian distribution.
Here we consider self-consistent vertical structures of the gas and the dust grains. The vertical gradient of the gas
density is given by (see, section 2.3):
dρg
dz
= −(ρg + ρd) z
h2g
. (B1)
From equation (31) with Fm,z = 0, the vertical gradient of the dust density is given by
dρd
dz
= −ρd
[
St′
α/Sc
+ 1 +
ρd
ρg
]
z
h2g
. (B2)
Solving equations (B1) and (B2), we obtain the vertical structures of the gas and the dust grains. In Figure 9,
we show the vertical structures of the gas and the dust grains if α = 10−3 and Stmid = 0.1. For comparison, we
plot the Gaussian distributions given by equations (24) and (33). When Σd/Σg = 1, the gas distribution agrees with
equation (24), whereas the gas density near the mid-plane is slightly enhanced. When Σd/Σg = 5, the gas density near
the mid-plane increases, while the gas density apart from the mid-plane slightly decreases. The thickness of the dust
layer becomes thicker than that expected by equation (33), because the settling velocity is slow down by the factor of
ρg+ ρd in St
′. The dust density at the mid-plane decreases, due to vertical swelling of the dust layer. The dust-to-gas
density ratio is smaller than that expected by the Gaussian distributions of equations (24) and (33), while it is larger
at the upper part of the dust layer.
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